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Landau levels in graphene:

1. The Hamiltonian is SU(2)-symmetric (independent of the spin o of the electron) so we drop the
index o for simplicity. The Hamiltonian is
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where j(i) denotes the neighbours of the site 7, and we have defined
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The last expression in Eq. (1) can be concisely written as
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2. The last step in the diagonalisation of the Hamiltonian consists of diagonalising Hy for each k.
The energy dispersion is given by its eigenvalues,
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3. We use the expansion Ak yx = Ak + k- (ViAk)|k=k + O(k?) and we calculate

(
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where we have used Ax = 0, cos(V3Kya/2) = 3, sin(V3Kya/2) = @, and 3K,a/2 = .
Similarly,
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After multiplying Ay by —e?™/? (which we can because the phase of the Bloch Hamiltonian is
arbitrary), we obtain

Ak ik = hwp(—iky + ky) + (’)(kg), Axrqx = hop(—iky — ky) + (’)(k‘Q), (7)
and thus
0 —iky + ky, /
HX = hvp (zkx tky 0 Y ) = hwp(kyoy + kyog), HE = hwp(kzoy — kyoz),  (8)

where hvp = 3ta/2, and o, and oy are Pauli matrices.

The energy dispersion becomes
€EK+k — €EK’+k — ﬂ:h”UF|k| = ﬂ:h”UFk}, (9)

and is linear in & (thus the term “relativistic”). The system has therefore two bands which touch
in K and K’, where the energy dispersion forms “Dirac” cones, as shown in Fig. 1.
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Figure 1: Energy dispersion of graphene.

The density of states n(F) is obtained by counting the number of states in the energy shell
[E,E + dE]. Near E = 0, states exist only in the Dirac cones centered in K and K’. Let us
assume E > 0 and define ' = hvpk, and E+dFE = hvpks. The volume in k-space corresponding
to states with exyx € [E, E + dFE] is given by
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Finally, we have to divide by the elementary volume per point k (i.e., the volume in k-space per
state): (27)2/(LLy), and multiply by 2 for the two valleys (K and K’) and by 2 for the spins.

‘We obtain
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where A = L, L, is the total area. At half-filling (Er = 0), the density thus vanishes at the
Fermi level, n(Er) = 0.

n(E)=A

Materials with no band gap and a vanishing density of state at the Fermi levels (such as graphene)
are called semimetals.
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4. The effect of the perpendicular magnetic field is taken into account through the Peierls substi-
tution (which is only valid as long as the magnetic potential A(#) varies slowly on the scale of
the lattice spacing a, or similarly, 5 > a). It consists of replacing

Ik — T = Tk + SA(#), (12)
&

as for the free electron case (but here k is the crystal momentum !). Using
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where hwy = % Similarly,

h’UF

HY = (fLEU —1I UI) = —
" Y Y V2lg

(i(a" — a)oy — (a' +a)ou) = —huwp (c?f g) (15)

5. Let us first consider the eigenvalue equation at K (the equation at K’ is obtained by swapping
u, and v, and the sign of the energy):
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Thus u,, must be an eigenstate of a'a (say |n), so that now n labels the corresponding eigenvalue
of afa) and we have
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where A = £1 is a band index. Furthermore, we have

hw
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for n # 0 and vy = 0. Therefore, the eigenvectors are

o= () o= (y) 1

o= (it ) o= (500 ): (20)

The energy levels are €, o MnB for n # 0 and €,—g = 0 for n = 0 (there is no band index
in this case). As for B = 0, for all n and A the levels are twofold valley degenerate (K and
K’). The energy levels disperse as v/ B, whereas in the non-relativistic case, the relation is linear
(én = we(n +1/2), we < B).

6. The zero-energy Landau levels (n = 0) are peculiar. Only one of the spinor components is
nonzero. Remember that the first and second components of the spinor correspond to the A and
B sublattices, respectively. Hence, Q/J,I\fn:o is entirely localized on the A sublattice and wf\%:o
on the B sublattice. The two sublattices are decoupled at zero energy.
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Figure 2: Relativistic Landau levels energy as a function of the magnetic field.



